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1. Imtroduction. Recently, Pachpatte [2] has applied a gener-
alized Opial inequality [3] to obtain some integrodifferential
inequalities of the Gronwall type. We will prove in this note a
more general Opial inequality, and use it to derive a new integro-
differential inequality of the Gronwall type.

2. Inequalities of the Opial type. We first prove a general
Opial inequality as following: '

Theorem 1. If p» is a bounded, positive and nonincreasing
function on [a, &], and if ¥ is an absolutely continuous function on
la, ] such that y(a) = 0, then

[ p@)y@) "y ()" dz

W —g% I B,
< o Lﬁ(a)ly(a)l ax,

where m, » > 1.

~ Proof. The case m =n =1 was proved in [1], so we may
assume that #, 2 > 1. Define

2(@) = [T(p®)mm\y(t)|"dt, =z € [a, b].

Then
2/(2) = (p(@))mn |y (z)|%, 2 < [a, b] .
Using Hoélder’s inequality, we have
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@< [Ty at
< ([ cowymememiyyinan)”
. (f;" (p(t))canaxccm+n§cn-1>> dt

< (z(m))Ifn(p(a,))(-l')/(m-iw)(b i a)(u-l)/n,

)(ﬂ-—l)/!l

so that
[ p@)y@) "y ()17 e
et j;b(p(a,))nf(m+n)(z(a,))m/n(b__a)m('n-ljfn]y!(a,)]udm.

o (b S a)m(u—l)/u ./;b(z(a,))m/n z’(ar) ax

ﬂ(b 2 & a)m(u—l)!n
m + n

(f: (p(2))*/(mim g (22) |# dae

)(m-t—u)fu

But, using Hoélder’s inequality again, we have

[ (p@)yremn |y (2) |7 da
< (S a=)" """ ([ p@d 1y @) min )

Hence we have the desired inequality.

By define

22) = [ (pevmmiy @)nat, @ e [a, b,

and using a similar argument as in the proof of Theorem 1, we
have

Theorem 2. If p is a bounded, positive and nondecreasing
function on [a, #], and if ¥ is an absolutely continuous function on
@, b] such that y(d) = 0, then

[ p@) @)y (@)1 ax

< 2O=DT [ pa)ly (@) | de,

where m, n 2 1.
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Combining the preceding theorems, we have

Theorem 3. If p is a bounded, positive and monotonic function
on [a; ], and if ¥ is an absolutely - continuous function on [a, b]
such that y¥(a) = ¥(b) = 0, then

[ p(@)1y@) 1"y () 1" dw

”(b—a)m_ 1 Py 'l an) | M+n
< O [ )y’ ()|,

where m, n > 1.

We . note that when m=zn=1 p(2) =1V 2 € [e, b], then
Theorem 3 is the original Opial inequality [1]. Also, when p(2)
=1V 2 € [a, b], then Theorem 3 becomes Theorem 6 of [3].

3. .Inequalities of the Gronwall type. The following theorem
is an application of Theorem 1:

Theorem 4. If p and vy satisfy the conditions of theorem 1, if
f and ¢ are nonnegative functions such that

V@] <K+ L f(t)l?/"(t)l at

(1)
v [ ([1 3 w1y (s)17 ds)

holds for 2 € [a, &], where K is a positive constant and m, =1,
if
R(2)=1— (m+n - 1) Km+n-—1
+ [T 6t exp| (m + 7 — 1)f r(s) ds | at >0

for 2 € [a, b], where

r(z) = f(z) + BE—0)" o0
m + n

then
19/(2)| < K exp (f 4(1‘) df)
b [ o g0Q() exo ([ a(s) ds) e
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for 2 € [a, b], where  *
- Q(z). = K(R(z))t-m" .

e exp (f 7(t) dz‘) q(2) —f(:L) _ (@ :_'fz)_g(a) "

Proof. For 2 € [a, b], let u(2) be the right member of (1),
Then

(2) B D lgiey S m(e) ),
and | -
w(@) = /(@) ly'()]
e PN YD "y (D)|"at,  ule) =K

Using Thed’rem 1 and (1), we have

/(@) < f (@) u(a) + BEZD () [ D)D) "dt

m + »n

Adding (n(2 —a)”’/m + n) g(:z,)u(a,) to both S1des of the above
1nequal1ty, we have |

w'(2) + ”‘j;%“)’ﬂ (@) € Fiuduin)

(3)
+ 2> —a)" g(a:)[u(w)+ '/; ﬂ(l‘)(u(f))’””df],

m + n

whmh 1mp11es _

u' (2) <f(:b)u(:b)

4- m X

%, . ~”(;;+fz) g(m)[u(w)+ j; P(t)(u(t))’"‘*‘”dt].
Let > |

(5) v(@) = u(@) + [ pt) @)™ at.

Then v(e) = K and _
(6) u(x) <vla).
Differentiating (5) and using (4) and (5) we see that the inequality

v'(2) < r(z)v(x) + P(a)(v(a))"‘*”
is satlsﬁed thh IS equlvalent to
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(7)o A(e(@)) () — () (v(2)' " < pla)
Let w(z) = (v(2))' " "*/(1 —m — n).

Then w(a) = K'- "“""/(1 — m — n) and (7) becomres
wi(x)+ (m+n—1)r(2)wl) < p(2),

which implies the estimation for w such that
w@yexp[(m+n—1) [ rar] .
< | wta -+ f (1) exp[(m + n — l)f r(s) ds]

1—m —n

Hence
(o))t {Krmn e @ —m—m) [ p(2)
cexp|(m +n—1) [ #(s) as | at}
: exp[(l —m—n) [ 7(t) dt]
= K- R(@) exp [(L—m —m) [ #(1) at |

so that
v(a) < Q).

Now using (3) we have

w'(2) — q(x) u(z) < PE =D 42y Qa),
m + n

which implies the estimation for # such that

u(2) exp (-—-— j:r q(1) dt)

<K +- — [T —a)mg(t) Q(2)
m + n Ja

- eXp (—- j; q(s) ds) dt .

Thus
u(x) < K exp (fx q(t) dt)
(8) it + sl 3 (t—a)" g(t) Q(2)
. exXp ( ' q(s) ds) dt .
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Now substituting (8) in (2), we obtain the desired inequality.

We note that Theorem 2 of [2] is the spemal case of Theorem 4
when p(z) =1V xc [@, b]. Also we note that similar results
can be obtained by using Theorem 2 or Theorem 3.
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